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The unrivaled robustness of topologically or-
dered states of matter against perturbations has
immediate applications in quantum computing [1]
and quantum metrology [2], yet their very exis-
tence poses a challenge to our understanding of
phase transitions. In particular, topological phase
transitions cannot be characterized in terms of lo-
cal order parameters, as it is the case with con-
ventional symmetry-breaking phase transitions.
Currently, topological order is mostly discussed
in the context of nonlocal topological invariants
[3, 4] or indirect signatures like the topological
entanglement entropy [5–7]. However, a com-
prehensive understanding of what actually con-
stitutes topological order is still lacking. Here
we show that one can interpret topological or-
der as the ability of a system to perform topo-
logical error correction. We find that this op-
erational approach corresponding to a measur-
able observable does not only lay the conceptual
foundations for previous classifications of topo-
logical order, but it can also be applied to hith-
erto inaccessible problems, such as the question of
topological order for mixed quantum states aris-
ing in open quantum systems. We demonstrate
the existence of topological order in open systems
and their phase transitions to topologically trivial
states, including topological criticality. Our re-
sults demonstrate the viability of topological or-
der in nonequilibrium quantum systems and thus
substantially broaden the scope of possible tech-
nological applications. We therefore expect our
work to be a starting point for many future the-
oretical and experimental investigations, such as
the application of our approach to fracton [8, 9]
or Floquet [10, 11] topological order, or the direct
experimental realization of the error correction
protocol presented in our work for the develop-
ment of future quantum technological devices.
Topologically ordered phases are states of matter that
fall outside of Landau’s spontaneous symmetry breaking
paradigm and can essentially be classified into symmetry-
protected topological order or intrinsic topological or-
der [12]. For the former, the existence of a symmetry
is required to maintain topological order, i.e., when the
symmetry is broken the system immediately returns to
a topologically trivial state. In some cases, topologi-
cal order can be captured in terms of topological invari-
ants such as the Chern number [4], but being based on
single-particle wave functions, their extension to inter-
acting systems is inherently difficult [13]. Alternatively,
topological order has been discussed in terms of nonlo-
cal order parameters often related to string order [14–
17], but the main difficulty of this approach is that such
string order can also be observed in topologically trivial
phases [18]. From a conceptual point of view, a par-
ticularly attractive definition of topological order is the
impossibility to create a certain quantum state from a
product state by a quantum circuit of finite depth [19].
However, since this is equivalent to the uncomputable
quantum Kolmogorov complexity [20], it has very little
practical applications. Hence, most analyses of topolog-
ical ordered systems have been centered around indirect
signatures such as the topological entanglement entropy
[5–7] or minimally entangled states [21, 22], but even
those quantities can prove difficult to interpret [23, 24].
Here, we overcome the limitations of the previous ap-
proaches to topological order by understanding topolog-
ical order as the intrinsic ability of a system to perform
topological error correction, giving rise to an operational
definition of topological order that can be readily com-
puted. To make this definition mathematically precise,
we call a system to be in a topologically ordered state if
it can be successfully corrected by an error correction cir-
cuit of finite depth. One key advantage of our approach
is that the error correction circuit does not have to be
optimal, as it only requires to reproduce the correct fi-
nite size scaling properties, which can be expected to
be universal across a topological phase transition. This
puts our approach in stark contrast with the classifica-
tion of topological error correction codes in terms of their
threshold values [25], as the latter is a nonuniversal quan-
tity. Symmetry protected topological order can be repre-
sented within our error correction formalism by imposing
certain symmetry constraints on the error correction cir-
cuit. Compared to previous approaches to topological
order, another striking advantage of our error correction
method is that it corresponds to an actual observable,
which can be measured in an experiment.
To demonstrate the viability of our error correction
approach in a concrete setting, we turn to the toric code
model, which serves as a paradigm for intrinsic topologi-
cal order [1]. Its Hamiltonian is given by a sum over two
classes of spin 1/2 operators describing four-body inter-
actions, Av and Bp, acting on vertices v and plaquettes
p, respectively, according to
HTC = −E0
∑
v
σxασ
x
βσ
x
γσ
x
δ︸ ︷︷ ︸
Av
+
∑
p
σzµσ
z
νσ
z
ρσ
z
σ︸ ︷︷ ︸
Bp
 , (1)
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FIG. 1. Topological order in a quasi-1D toric code model. (a) The Av and Bp operators are arranged along two rails of sites
such that the perturbation on the lower rail (orange) maps onto the 1D transverse field Ising model. (b) Example of the error
correction procedure for N = 8 Ising spins containing four errors, with the state of the system shown after t timesteps of the
algorithm. The errors are fused along the horizontal strings, with the total error correction depth being td = 2. (c) Standard
deviation nσ of the circuit depth for different system sizes. Above the topological transition, the circuit depth diverges in the
thermodynamic limit, with a finite size scaling analysis (inset) including terms up to N−2 yielding hc = 1.004(5).
where σx,zi denotes the Pauli matrix acting on site i. The
robustness of topological order of the ground state can be
analyzed with respect to the response of a perturbation
describing a magnetic field, i.e., H = HTC−h
∑
i σ
x
i . Im-
portantly, the perturbed toric code can be mapped onto
an Ising model in a transverse field using a highly non-
local unitary transformation [26]. The phase transition
from the topologically ordered to the trivial state then
corresponds to the phase transition between the param-
agnet and the ferromagnet in the Ising model [27]. Here,
we will be interested in the case where the perturbed toric
code can be mapped exactly onto the one-dimensional
(1D) Ising model, which can be realized by imposing the
right boundary condition [24], see Fig. 1. Our approach
has the advantage that the critical point of the topolog-
ical phase transitions is known to be exactly at hc = 1.
Note that the quasi-1D nature of the toric code model
results in the four-body interactions in Eq. (1) being re-
placed by three-body interactions.
For the topological order arising in the toric code, the
required topological error correction can be readily ex-
pressed in terms of the Ising variables Sv = Av and
Sp = Bp, where each spin having S
z
i = −1 corresponds to
the presence of an error. As a first step of the error correc-
tion algorithm, a syndrome measurement is performed,
i.e., all the Ising spins are measured in their Sz basis,
corresponding to the measurement of both the Av and
Bp degrees of freedom in the original toric code model.
Under the perturbation, the observables Szi exhibit quan-
tum fluctuations, therefore it is necessary to perform a
statistical interpretation of the depth of the error correc-
tion circuit. Here, we find that the standard deviation
of the circuit depth exhibits substantially better finite
size scaling behavior than the mean, hence we use the
former for the detection of topological order in the fol-
lowing. The error correction circuit is then implemented
in a massively parallel way by decorating each of the de-
tected errors by a walker that travels through the system
until it encounters another error, upon which the two er-
rors are fused and removed from the system [28], see the
Methods section for details. Figure 1 demonstrates that
our error correction approach is indeed able to detect the
topological phase transition, including the identification
of the correct critical point at hc = 1.
Let us now extend our approach to mixed quantum
states, where previous works have shed some light on
topological properties [29–33], but a universally applica-
ble definition of topological order has remained elusive so
far. This extension is straightforward, as the implemen-
tation of the topological error correction channel can be
applied to mixed states as well. Here, we consider mixed
states arising in open quantum systems with purely dis-
sipative dynamics given in terms of jump operators ci
according to the Markovian quantum master equation
dρ/dt =
∑
i ciρc
†
i − {c†i ci, ρ}/2. Dissipative variants of
the toric code can be constructed by considering the jump
operators
cvi =
√
γvσ
z
i (1−Av)/2, i ∈ v
cpi =
√
γpσ
x
j (1−Bp)/2, j ∈ p
with rates γv,p, which result in the toric code ground
states being steady states of the quantum master equa-
tion [34]. As before, we now consider the robustness of
topological order to an additional perturbation. Here, we
will first consider again a quasi one-dimensional model
analogous to Fig. 1a , in which the perturbation is given
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FIG. 2. Topological absorbing state transition. Error density ne (a) and circuit depth nσ (b) for N = 300 sites and different
values of γ, showing subcritical behavior (blue), critical behavior (orange), and supercritical behavior (green). Initial states
were chosen to have maximum ne or nσ, respectively. Finite size scaling leads to γc = 8.30(2) (a, inset) and γc = 8.34(5) (b,
inset) in the thermodynamic limit.
by
chi =
√
γσxi (1−Bp)/2, i ∈ p+ 1,
with i being restricted to the upper rail. Essentially,
the γp terms lead to a cooling dynamics removing er-
rors with respect to the toric code ground state, while
the γ terms describe a heating process introducing new
errors. Importantly, the creation of a new error on the
plaquette p + 1 requires the existence of another error
on the neighboring plaquette p, which is also reflected
after mapping onto Ising variables, see the Methods sec-
tion for details. This results in the model falling into
the well-known class of absorbing state models [35], with
the toric code ground state corresponding to the absorb-
ing state. Such absorbing state models can exhibit phase
transitions to an active phase where the absorbing state
is no longer reached asymptotically when starting from a
different initial state. Here, we indeed find such a phase
transition in the density of errors, see Fig. 2. Moreover,
this absorbing-to-active transition is also accompanied by
a divergence of the depth of the error correction circuit,
i.e., by a topological transition to a trivial phase. We also
track the critical exponent δ measuring the algebraic de-
cay of the density of errors ne or the circuit depth nσ,
respectively, by considering the quantity
δeff(t) = − 1
logm
log
ne,σ(mt)
ne,σ(t)
(2)
which remains constant for a fixed value of m [35]. In the
limit of large system sizes, both the critical strength for
the transition and the critical exponent are in close agree-
ment between the absorbing-to-active transition and the
topological transition, see Extended Data Fig. 4, belong-
ing to the universality class of one-dimensional directed
percolation (δ = 0.163[35]).
Importantly, our approach to topological order can also
be readily applied to higher-dimensional systems. Here,
we will be interested in a two-dimensional absorbing state
model, in which both error types are present. In partic-
ular, the creation of Av errors is conditional on the ex-
istence of a neighboring Bp error and vice versa. Hence,
we consider jump operators of the form
chvi =
√
γσxi (1−Av)/2
chpi =
√
γσzi (1−Bp)/2.
Importantly, the lack of boundary processes now leads to
a conservation of the parity of both type of errors. This
model can be expected to be in the same universality
class as two-dimensional branching-annihilating random
walks with two species [36]. While the model is active
for any finite γ, it exhibits nontrivial critical behavior,
having an exponent δ = 1 with logarithmic corrections.
Figure 3 shows the data collapse for different system sizes
for both the error density and the circuit depth, confirm-
ing this picture. Strikingly, the logarithmic corrections in
the topological case include a quadratic term that is not
present in the error density, pointing to a different critical
behavior. This demonstrates that topological criticality
cannot be predicted using only the properties of an ac-
companying conventional phase transition.
In summary, we have introduced a novel operational
approach to topological order based on the ability to
perform topological error correction. Our method repro-
duces known topological phase transitions and can be
readily applied to previously inaccessible cases such as
topological transitions in open quantum systems, and has
the additional advantage that it corresponds to a measur-
able observable. Finally, we would like to note that our
approach can be readily applied to other topologically
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FIG. 3. Two-dimensional topological criticality. Error density ne (a) and circuit depth nσ (b) for N = 512 sites and γ = 0
(dashed) and γ = 0.025 γp (γp = γv). The insets show the logarithmic corrections to a t
−1 decay, with a linear behavior for the
error density (a) and a quadratic behavior for the topological transition (b) before finite size effects become relevant.
ordered systems. For instance, both the Kitaev wire [37]
and Haldane insulators [38] can be mapped onto effective
spin models, where an analogous error correction strat-
egy can be performed. Additionally, even exotic types
such as fracton topological order [8, 9] can be expected
to be classified in terms of their error correction proper-
ties [39].
METHODS
Error correction in toric code models
The error correction scheme for the detection of topo-
logical order is based on the results from the error syn-
drome measurements, which can be cast in terms of the
spin variables Sv and Sp. In cases where there are both
error types being present, the error correction can be
realized independently. As the figure of merit, we are
interested in the depth of the classical error correction
circuit, which maps the initial erroneous state onto the
topologically ordered state without any errors. Our error
correction procedure is massively parallelized, i.e., within
a topologically ordered phase, it is able to remove a ther-
modynamically large number of errors in constant time.
This is in stark contrast to the conventional maximum-
likelihood error correction [40], as this will always require
an error correction circuit whose depth scales with the
system size. The same argument also holds for assessing
topological order based on circuit complexity [41], as the
circuit complexity is an extensive quantity even in the
topologically ordered phase.
For each error, we decorate the associated site with
a walker wi, which continuously explores the surround-
ings of the original site, looking for the presence of other
errors. In one spatial dimension, the walker alternates
between investigating sites on the left and on the right,
while in two dimensions, this is generalized to continu-
ously exploring sites with an increasing Manhattan dis-
tance to the original site, see Extended Data Fig. 5. For
simplicity, we assume that changing the site of a walker
takes exactly one unit of time, irrespectively of the dis-
tance traveled. Once a walker encounters a site with
either an error or a site previously visited by a walker
wj originating from another error, the error correction
procedure starts. For this, the errors on site i and j are
fused together along the shortest path, removing them
and their associated walkers from the system. Here, we
assume that the fusion is instantaneous, which does not
modify the overall finite size scaling properties of the er-
ror correction circuit. The error correction procedure is
performed until all errors have been removed from the
system. In the one-dimensional case, we also allow for
errors being removed via the left or right boundary of
the system, preventing the case of a single error remain-
ing without a potential fusion partner.
Ising-mapped jump operators
After mapping the system onto Ising variables Si, we
obtain a purely classical master equation, despite the ba-
sis states being highly entangled. Here, we take the limit
γv →∞ such that the dynamics is restricted to the Ising
spins related to the Bp operators. In the basis of the
Ising spins Si, we obtain the jump operators
cpi =
√
γpS
x
i S
x
i+1(1− Szi )/2
chi =
√
γSxi+1(1− Szi )/2.
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FIG. 4. Effective critical exponents according to Eq. (2) for the absorbing-active transition (a) and the topological transition
(b) (m = 4). The critical value of the transition is taken where δeff remains constant. Error bars correspond to all values
consistent with a constant value in the long time limit. Finite size scaling leads to δ = 0.163(5) (a, inset) and δ = 0.18(2)
(b, inset) in the thermodynamic limit. Errors are given by the sum of the uncertainty in the linear fit and the difference in δ
between m = 4 and m = 2.
a
b
FIG. 5. Schematic representation of the error correction procedure. Two errors are associated with walkers wi (blue) and
wj (black), located at the errors at t = 0. The colored numbers indicate the timestep at which a particular walker visits
a site. Once a walker encounters a site already visited by the other walker (yellow), the two errors can be fused along the
dotted path. In one dimension (a), the walkers alternate in a left-right pattern, in two dimensions (b), the walkers proceed in
diamond-shaped patterns corresponding to a constant Manhattan distance from the initial sites.
